Abstract. Motivated by a result of Araya, we extend the Auslander-Reiten duality theorem to Cohen-Macaulay local rings. We also study the Auslander-Reiten conjecture, which is rooted in Nakayama's work on finite dimensional algebras. One of our results detects a certain condition that forces the conjecture to hold over local rings of positive depth.
Introduction
The Auslander-Reiten conjecture [6] claims that, over an Artin algebra R, if M is a finitely generated R-module such that Ext >0 R (M, M ⊕ R) = 0, then M is projective. This long-standing conjecture can be stated over any Noetherian ring R and is known to be true over several classes of algebras. For example, Auslander and Reiten [6] proved the conjecture for algebras of finite representation type. Hoshino [19] determined another noteworthy class; it holds for symmetric Artin algebras with radical cube zero. The Auslander-Reiten conjecture is closely related to other important conjectures such as the Tachikawa conjecture [29] and the finitistic dimension conjecture [18] . Indeed it is rooted in a conjecture of Nakayama [26] and the one known as the generalized Nakayama conjecture [6] : If R is an Artin algebra, then every indecomposable injective R-module occurs as a direct summand of one of the terms of the minimal injective resolution of R. We refer the reader to [7, 10, 13, 16, 17, 31, 32, 33] for more information on the relation of these homological conjectures.
Christensen and Holm [13] proved that the Auslander-Reiten conjecture holds over rings satisfying the Auslander condition. More precisely, they proved that the implication (AC) + 3 (ARC)
holds for a (left) Noetherian ring. Here, (AC) and (ARC) denote the Auslander condition and the Auslander-Reiten condition, which are conditions defined for a fixed Noetherian ring R, as follows.
(AC) For every finitely generated R-module M there exists a nonnegative integer b M such that for every finitely generated R-module N one has: if Ext Although there exist rings that do not satisfy (AC) [24] , this result gave new insight on the Auslander-Reiten conjecture and other related homological conjectures.
Commutative Noetherian local rings known to satisfy (ARC) include Gorenstein local rings of codimension at most four [28] . Recently Araya [1] proved that if all Gorenstein local rings of dimension at most one satisfy (ARC) so do all Gorenstein local rings. The main tool he used for the proof of his result is a duality theorem for Gorenstein local rings, which is known as the Auslander-Reiten duality theorem (cf. [4, 9, 34] ). On the other hand, as a natural generalization of (AC), the following generalized Auslander-Reiten condition has also been investigated by several authors [16, 31, 32] .
(GARC) For every finitely generated R-module M, if there exists a nonnegative integer n such that Ext >n R (M, M ⊕ R) = 0, then M has projective dimension at most n.
In this paper, we consider refining the Auslander-Reiten duality theorem and the Christensen-Holm theorem stated above.
First, we shall prove the following theorem, which extends the Auslander-Reiten duality theorem to arbitrary Cohen-Macaulay local rings and deduces Araya's main observation from a more general context.
Cohen-Macaulay local ring with a canonical module ω. Let X be a totally reflexive R-module, and let M be a maximal CohenMacaulay R-module that is locally free on the punctured spectrum of R. Then, for all integers i one has an isomorphism
and Ext denotes Tate cohomology.
Next, we define the following conditions over a commutative Noetherian local ring R.
(SAC) For every finitely generated R-module M, if Ext 
hold, where R is assumed to have positive depth for ( * ).
Here, the assumption in ( * ) that R has positive depth is reasonable, because R satisfies (SACC) trivially if depth R = 0. We also give an application of Araya's result and pose a question concerning the Auslander-Reiten conjecture for modules having bounded Betti numbers. We finish the article by discussing in Section 5 the relation of the Auslander-Reiten conjecture with a question of Huneke and Wiegand on the tensor products of modules.
Basic definitions
This section is devoted to giving basic definitions and their basic properties which will often be used later.
2.1. Throughout this paper, R denotes a left Noetherian ring, and modules considered over R are finitely generated left modules. Unless otherwise specified, R is assumed to be a commutative local ring with unique maximal ideal m and residue field k = R/m.
2.2.
For a given R-module M, we set
where E R (k) is the injective hull of k, and ω R is a canonical module (in the case where R is a Cohen-Macaulay ring that is a homomorphic image of a Gorenstein local ring). Clearly, M † = M * when R is Gorenstein.
2.3.
We denote by U R the punctured spectrum of R, i.e., U R = Spec R \ {m}. We say that M is locally free on U R provided that M p is a free R p -module for all p ∈ U R . The ring R is called an isolated singularity if R p is a regular local ring for all p ∈ U R .
2.4.
We use the notation st ∼ = to denote a stable isomorphism, that is, for two R-modules
2.5. Let M be an R-module. For an integer i > 0, we denote by Ω i M the i-th syzygy of M, namely, the image of the i-th differential map in a minimal free resolution of M. As a convention, we set Ω 0 M = M. For an R-module M, we denote by TrM the (Auslander) transpose of M, which is defined as the cokernel of the R-dual map δ * 1 of the first differential map δ 1 in a minimal free resolution of M. Here are some remarks:
(1) The modules Ω i M and TrM are uniquely determined up to isomorphism, since so is a minimal free resolution of M. 
2.
6. An R-module X is called totally reflexive if the natural homomorphism X → X * * is an isomorphism and Ext
Here are several properties of totally reflexive modules which we will use. For the details, we refer to [2] and [15] .
(1) A totally reflexive module over a Cohen-Macaulay local ring is maximal CohenMacaulay. Over a Gorenstein local ring, the totally reflexive modules are precisely the maximal Cohen-Macaulay modules.
(2) For a totally reflexive R-module X and an integer i > 0, we define the i-th cosyzygy of X, denoted by Ω −i X, to be the image of the R-dual map δ * i of the i-th differential map in a minimal free resolution of X * . We have
If X is a totally reflexive R-module, then so are X * , TrX and Ω i X for all integers i.
2.7.
For R-modules M, N, we denote by Hom R (M, N) the residue R-module of Hom R (M, N) by the R-submodule consisting of the homomorphisms from M to N that factor through free modules. Here are some remarks: N) ; see [34, (3.9) ]. (2) If M or N is locally free on U R , then the R-module Hom R (M, N) has finite length.
2.8. Let M be an R-module, and let X be a totally reflexive R-module. We denote by Ext i R (X, M) the i-th Tate cohomology module, which is defined as
We will use the following properties of Tate cohomology. We can find details of Tate cohomology, for instance, in [30, §7] (the paper [30] assumes that the base local ring is Henselian, but this assumption is unnecessary in [30, §7] ).
(1) One has Ext
A generalization of Auslander-Reiten duality
Araya [1, Theorem 8] made use of the Auslander-Reiten duality theorem over Gorenstein local rings [34] and proved the following theorem: Theorem 3.1 (Araya) . Let R be a d-dimensional Gorenstein local ring and let M be a maximal Cohen-Macaulay R-module that is locally free on
It is a consequence of a result of Araya [1] that if all one dimensional Gorenstein rings satisfy the Auslander-Reiten conjecture discussed in the introduction, so do all Gorenstein local rings. Our aim in this section is to deduce Theorem 3.1 from a more general result, Theorem 3.4, that holds over arbitrary Cohen-Maculay local rings. Such a generalization could be useful for researchers who wish to further study the Auslander-Reiten conjecture. It also seems interesting in itself, as it concerns the vanishing of cohomology over CohenMacaulay local rings. We start with a few preliminary results: 
Let R be a local ring and let X and Y be totally reflexive R-modules.
Proof.
(1) The following isomorphisms hold in the derived category of R:
Here, the second and third isomorphisms follow from [15, (A.4.21) ]. One deduces the required isomorphism by taking the i-th cohomology.
(2) The conclusion follows from the following isomorphisms:
Lemma 3.3. Let R be a local ring and let X be a totally reflexive R-module.
Then
We are now ready to prove the main result of this section:
Cohen-Macaulay local ring with a canonical module ω. Let X be a totally reflexive R-module. Let M be a maximal Cohen-Macaulay R-module that is locally free on U R . Then, for all i ∈ Z,
Proof. We have the following isomorphisms:
Here, since M is locally free on U R , the R-module Hom R (Ω i X, M) has finite length, which shows the second equality. The first and second isomorphisms are obtained by [8, (3.5.9) ] and [34, (3.10) ], respectively. Lemmas 3.2(1) and 3.3 give the third and last isomorphisms, respectively. The other isomorphisms follow from 2.5(2) and 2.8.
The following result is the original Auslander-Reiten duality theorem, which now follows from Theorem 3.4.
Corollary 3.5 (Auslander-Reiten duality). Let R be a d-dimensional Gorenstein local ring and let X and M be maximal Cohen-Macaulay R-modules such that M is locally free on
Proof. In general, let R be a local ring and X, Y totally reflexive R-modules. For an integer i there are isomorphisms
, where the second and third isomorphisms follow from Lemmas 3.3 and 3.2(2), respectively. Now the corollary follows from Theorem 3.4.
On a conjecture of Auslander and Reiten
In this section we are concerned with the Auslander-Reiten conjecture (cf. the introduction, [5] or [6] ) for commutative local rings. Our purpose is to prove that an affirmative answer to a question of Christensen and Holm [13] will show that all local rings that have positive depth satisfy the Auslander-Reiten conjecture, cf. Corollary 4.6.
Before proving the main result of this section stated as Theorem 4.5, we will first discuss an application of Theorem 3.1; a weaker version of the Auslander-Reiten conjecture holds for certain periodic modules over even dimensional Gorenstein isolated singularities. Proof. First, note by assumption that Ext i R (M, M) = 0 for all odd integers i. We set
Here, the fourth isomorphism follows from the fact that 1 + 2i + 2n − 2j = 2(i + n − j + 1) − 1 > 0. Since d is positive and even, we have Ext [5] , Golod rings [24] and Gorenstein rings of codimension at most four [28] . As discussed in the previous section, a recent result of Araya [1] shows that if all Gorenstein local rings of dimension at most one satisfy the Auslander-Reiten conjecture, so do all Gorenstein local rings. As complete intersections satisfy (ARC), Araya's result in particular reproves a result of Huneke and Leuschke [21] : Gorenstein rings that are complete intersections in codimension one satisfy (ARC). Indeed, over local domains, this result is motivated by a question of Huneke and Wiegand [23] which we will discuss briefly at the end of this article (cf. also [11] ). We refer the interested reader to [13] An example of Schulz [27] yields a self-injective noncommutative Artin algebra over which the conditions (1) and (2) are not equivalent. As stated in [13] , for commutative rings, it is not known whether (2) implies (1), in fact not even for Gorenstein rings. Notice that Theorem 4.4 shows that if the ring satisfies (AC), then (1) and (2) are equivalent (cf. also [16] ). This motivates us to consider the following two conditions. Proof. We set S = R/xR.
(1) Let M be an R-module with Ext (2) Let M be an S-module such that Ext >0 S (M, M ⊕ S) = 0. We would like to prove that M is a free S-module. Using the snake lemma, we see that the multiplication by x on the natural exact sequence 0
Hence we have a short exact sequence
This, being an element of Ext
For all positive integers i, we have: Remark 4.7. Assume (R, m) is a local ring with depth R = 0. Then R satisfies (SACC) trivially; m is an associated prime of R and hence any module that has constant rank is free. Therefore, when depth R = 0, whether (SACC) implies (ARC) or not, is equivalent to the Auslander-Reiten conjecture recorded above.
We do not know whether (SAC) and (SACC) are equivalent conditions or not, but (AC) and (SACC) are not, that is, (SACC) is a weaker condition than (AC). We explain this as follows. (1) and (2) recorded in the discussion just after Theorem 4.4 are equivalent, that is, (FED) implies (SAC). Moreover, he proved that if R satisfies (FED), then it satisfies the following generalized Auslander-Reiten condition, which was also studied in [31, 32] :
(GARC) For each R-module M, if there exists a nonnegative integer n such that Ext >n R (M, M ⊕ R) = 0, then pd R M ≤ n. We should note that there exists a self-injective noncommutative Artin algebra that fails to satisfy this condition (GARC) (cf. [27] ). We do not know whether all commutative rings satisfy (GARC) or not.
It is interesting that (SAC) and (GARC) are indeed equivalent statements. Before recording our observation, we introduce a modified version of (GARC): 
isomorphisms Ext
We refer the reader to [16] for details on the relation of the conditions (FED) and (AC). It seems worthwhile to pose a question that follows from our previous discussions: 
Theorem 5.1 provides an important class of Cohen-Macaulay local rings over which the Auslander-Reiten conjecture holds. Therefore we would like to examine whether the hypothesis that "R is either Gorenstein or contains Q" is necessary in Theorem 5.1. We do not know whether it is possible or not to remove that assumption, however, following the arguments of the proof of Theorem 5.1, we deduce that understanding the modules M such that M * ∼ = M † may shed light on the Auslander-Reiten conjecture over CohenMacaulay local rings that are not necessarily Gorenstein (notice, when R is Gorenstein, 
For the convenience of the reader we record the results which we make use of to prove Proposition 5.2. We are able to give an affirmative answer to Question 5.6 in case the module considered is totally reflexive; we believe such a result is also interesting on its own. However we do not know more about the existence of such modules in general. 
Proof. We have isomorphisms
Here, the second and third isomorphisms are obtained by [15, (A.4.24) ] and the total reflexivity of M, respectively. The fourth isomorphism follows from the fact that M * is maximal Cohen-Macaulay since it is totally reflexive. These isomorphisms especially says Tor R >0 (M, ω) = 0, and hence we have an isomorphism
Comparing the minimal numbers of generators of both sides, we see that ω is cyclic, that is, ω ∼ = R. Hence R is Gorenstein.
Next we discuss a question of Huneke and Wiegand [23] [23, (3.7) ] shows that all one-dimensional hypersurface local domains satisfy (HWC). (We do not know whether the same result holds for all complete intersection local domains, cf. [11] .) Examples of local rings (with positive dimension) that do not satisfy (HWC) are abundant; for example, if
* is reflexive for the nonfree module M = R/(X). Notice that the ring R here is not an integral domain. Furthermore the reflexivity of M ⊗ R M * is not a very strong assumption for the condition (HWC) to hold over local rings: We do not know whether (3) implies (2) or not. Moreover, in view of Proposition 5.10, it seems reasonable to conjecture the following.
Conjecture 5.11. All one-dimensional local domains satisfy (HWC).
Let R be a local ring, and let X (R) denote the category of torsionfree R-modules M such that M ⊗ R M * is reflexive. If R is a complete intersection domain and M is an Rmodule in X (R) having bounded Betti numbers, then M is free [11, (4.17) (2)]. We finish this section by recording one more class that satisfy (HWC). This also yields another application of Theorem 3.1 discussed above.
Proposition 5.12. Assume R is a reduced ring such that R = S/(x) where (S, n) is a two-dimensional complete Gorenstein normal local ring and 0 = x ∈ n. If M ∈ X (R) and Tor where the second isomorphism follows from the local duality theorem.
Proof of Proposition 5.12.
Since R is an isolated singularity, M is locally free on U R . By Lemma 5.14, the vanishing of Tor 
